Hard thermal loops in long wave-length and static external gravitational fields 
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We study, in the long wave-length and static limits, the structure of the n-point graviton func- 
tions at high temperature. Using the gauge and Weyl invariance of the theory, we derive a simple 
expression for the hard thermal amplitudes in these two limits. 



An important issue in thermal pertubation theory is 
the study of hard thermal loops (HTL), where the exter- 
nal energies and momenta are much less than the temper- 
ature T pQ . These loops are relevant in the resummation 
procedure which is necessary to control the perturbative 
infra-red divergences. Such thermal amplitudes have sim- 
ple gauge and symmetry properties, but are in general 
non-local functionals of the external fields [3J [3] . How- 
ever, in the long wave-length limit (L) where the external 
fields are position- independent, and in the static limit (S) 
where the fields are time-independent, the hard thermal 
amplitudes become local functions of the external fields. 
It turns out that in these limits, such amplitudes become 
(in momentum space) independent of the external ener- 
gies and momenta. Nevertheless, these two limits lead to 
different functions for the thermal amplitudes [H [5] . 

The main purpose of this letter is to derive a simple 
general expression for the hard thermal loops which arise 
in the long wave-length and static limits (See Eq.(20l). 



Since in these limits higher point functions vanish in ex- 
ternal electromagnetic and Yang-Mills fields [3], we re- 
strict here to the case of HTL in external gravitational 
fields. We show, from an analysis of hard thermal per- 
turbation theory, that invariances under gauge and Weyl 
transformations are sufficient to determine uniquely the 
structure of the HTL in these limits. 

We shall consider first, as an example, the 3-graviton 
amplitude, but try to present the argument in a form 
which makes clear how to extend it to high orders. Ac- 
cording to [6 , 7 , this thermal amplitude involves an angu- 
lar integration of a Lorentz tensor C pVia f3.oa{Qi fci, &2i k%) 
where fcj are the external momenta (FIGllJ), = (1, Q) 
and the angular integration is over the direction of the 
unit vector Q. 

We represent the gravitational metric as: 



-99^ = »T 



(1) 



where rf v is the Minkowski metric and expand the per- 
turbative series in powers of h^. We then find that the 
Ward identity connecting the 3-graviton and 2-graviton 





FIG. 1: One loop thermal diagrams. Solid lines denote ther- 
mal particles and wavy lines represent the external gravita- 
tional fields. 



amplitudes leads to the relation: 

2kiCn V , a tPa (Q,ki,k2,ka) = [-ki a C v p tP<T (Q,k3) 
-(a O /3) + k2vC a p. p<7 (Q 1 k 3 )} + [(k 2 ,a 1 l3) O (k 3 ,p,a)] 

(2) 

From (2) wc deduce that the 3-graviton tensor 
Cnv,a0,pa does not have any terms containing the 
Minkowski metric. The reason is that the 2-graviton ten- 
sors on the right hand side of ^ do not contain this 
metric (See (3j4| and, moreover, there is no k\ v on the 
right hand side as there would be if the 3-graviton ten- 
sor contained rf 11 . Thus, the Lorentz tensor C^ v>a tpa 
could, in principle, be proportional to some product of 
the vectors Q^, k\ p , k2 P , k 3p . However, since in the long 
wave-length and static limits the HTL are independent of 
the external momenta, it follows that in these limits the 
3-graviton tensor would only involve a product of Q^. 

The above argument may be extended iteratively to 
higher orders, leading to the conclusion that all graviton 
tensors arising in hard thermal perturbation theory in- 
volve, in the long wave-length and static limits, only a 
symmetric product of the vector Q^. For instance, we 
give here the form of the 2-point graviton functions in 
these two limits: 



240 



dQ C u 



>(Q) (3) 



where the Casimir c to gives the number of internal degrees 
of freedom, and: 
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c^ UP2 ,, 2 (Q) = ( w - VQriQnQnQ^ ( 4a ) 
tfiv^uM = (*» - s)Q^Qu x Q» 2 Q V2 (4b) 
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where w is the number of Lorentz indices which are equal 
to zero. 

We note that the Ward identities demand that loops 
with n external lines must have the same T 4 dependence 
for all n. In particular, there is also a tadpole contribu- 
tion for n = 1, which is given by: 



240 



<KlC MtVl (Q) 
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(5) 

Using the simple structure we have just deduced for the 
graviton tensors, we shall next determine all the hard 
higher point functions. We will proceed by induction, 
starting from ^ and ([5| , and assuming that the n-point 
graviton amplitudes in the above limits have the form: 



^ttT 4 / 1 
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d£l C/i 1 i/i,...,/i n i/ n (Q) 
(6) 



where, for n ^ 2: 



^ftlVl,...,fJ,„U n (Q) 



(w- l)...(w -2n + 3)Q IJ , 1 Q Vl ...Q fin Q Vn (7a) 



^-' J u 1 i/i,...,/t„t/ n (Q) 

(w - 5)...(u> - 2 ? i - l)Q^Q Ul ...Q^Q Un (7b) 

and to denotes the number of Lorentz indices which have 
the value 0. 

We now prove that also the (n + l)-point graviton am- 
plitudes have the same basic structure as the one shown 
in ( |6|7[ ). To this end, we use the fact these amplitudes 
obey the Weyl identity which leads to: 

rf n+lVn+ ' L Cn-LV 1 , fi n i/ n , fi n+1 i/ n+ x(Q) = 

-2nCiixVx,...,n n v n (Q) (8) 

In view of our previous discussion, we may write the 
tensor on the left hand side of Q in the form: 

Pn y^jQ^i Qv± ■ • -Q fi n Qv n Q fi n +i Qvn+i (^) 

where P n {w) is a polynomial in w. With the help of ^ 
andQ, we then obtain the relations: 

P%(w + 2) - P%{w) = 2n(w - l)...(w ~2n + 3) (10a) 
P£(w + 2) - Pg{w) = 2n(w - 5)...{w - 2n - 1) (10b) 



These two equations show, firstly, that P n (w) must be 
a polynomial of degree n in 10. Secondly, these provide 
(n— 1) recurrence relations which fix uniquely the coef- 
ficients of this polynomial, up to a constant term which 
cancels in the differences on the left hand side of (10 1. 



Ward identity. For example, in the long wave-length limit 
and when all indices are 0, this identity leads to the con- 
dition: 

P^{w = 2n + 2) = (2n + l)P^_i(w = 2n) = (2n + 1)!! 

(11) 



This, together with the relation ( 10a I, completely fixes 
the polynomial P£(w), leading to a result in accordance 
with the form assumed in ( 7a ) . Proceeding in a similar 
way, we obtain for P^(w) a result consistent with that 
in ( 7b ) , which concludes our inductive reasoning. From 



these equations it follows that the graviton amplitudes 
vanish when w is odd, which is consistent with the sym- 
metry properties of the angular integral in Q . 

The effective actions which generate, in the static and 
long wave-length limits, the hard thermal loops in exter- 
nal gravitational fields are given by [H |H1 [H] : 
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g 0i Qi 

n00 



g ij QiQj 



(12) 
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These actions are invariant under the corresponding 
gauge transformations as well as under Weyl transforma- 
tions. But, in view of the apparent differences between 
the above forms, it may seen a bit surprising that these 
actions could generate the static and long wave-length 
amplitudes ( 6|7 |, which have a rather similar structure. 

In order to understand these features, we will use an 
alternative closed form for the effective actions, which is 
motivated by a Boltzmann equation approach. In this 
method, the hard thermal effective action can be written 

as nni: 



r = 



j^jd 4 xj d 4 p9(p )e(g^p,p„)N(P) (14) 



where N is the thermal distribution function and P is a 
constant of motion. Let us consider, for example, the long 
wave-length limit when P = ^JpiPi . This form arises be- 
cause, in this case, Pi is a solution of the Boltzmann equa- 
tion, which is invariant under space-independent gauge 
transformations. Using the metric representation given 
in ([!]), and making the change of variables: 



Pi = QiP; \Q\ = l; Po = zP 



(15) 



we may perform the P integration in ( 14 ) . In this way, 



the expression giving the effective action in the long wave- 
length limit becomes: 



pi, = 



But this term may be determined by a futher use of the 



^ttT 4 
120 



d x I dfl / dz 



1 + Az 2 + 2Bz + C) - d{z 2 - 1)] (16) 
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where 



A = h 00 ; B = h 0t Qi\ C = h v QiQi 



(17) 



and we have normalised T L so that it vanishes at h^ v = 0. 



We now expand the (^-function in ( 16 1 in powers of . 
Let z — \pu,. Then we get, for the n-th term, an integral 
of the form: 



1 

n! 



du- — 
2y/u 



S n - l (u-l)[Au + 2B^/u + c] n (18) 



where is the (n — l)th derivative of the delta func- 
tion. Let us take out of the expression in the square 
bracket in (18), a term proportional to u w / 2 , that is, z w . 



For this term, assuming n ^ 2, we get the contribution: 



2n\ 



du S^iu-l)^-^ 2 



2n\ \ 2 



n-l 



(iu- l)...(iu-2n + 3) (19) 



From ( 16p8 ) one can see that for a given n, the coef- 
ficient of z w involves a product of n functions W" such 
that the number of Lorentz indices which have the value 
is equal to w. This property, together with the result 
(191, show that the effective action (14 1 generates in the 



long wave-length limit, an amplitude which is equivalent 
to that given in Q and ( [7a| . Similarly, one can show 
that in the static limit, the action (14) with P = po, 
precisely generates the amplitudes given in ^ and (7b I. 



Thus, we conclude that in the long wave-length and 
static limits, the hard thermal loops in external gravita- 
tional fields may be expressed in the simple form: 



/iii/i,...,/j„i>„ 
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n-l 



Pn-iH j dfl Q^Q Vl ...Qn n Q Vn (20) 



where = (1, Q), w is the number of time-like Lorentz 
indices and P n -\(w) are polynomials of degree (n — 1) in 
w. These are equal to 1 when n = 1 and for n ^ 2 they 
are given by: 



p^H = (w 



l)...(w-2n + 3) (21a) 
5)...(to-2n-l) (21b) 



We note that the angular integral in (20) vanishes 



when w is odd. When w is even, it is straightforward to 
evaluate this integral in terms of products of Kronecker 
delta functions, but the result is somewhat cumbersome 
to write down. The above amplitudes lead (when 
summed to all orders) to the static and long wave-length 
effective actions (12) and (13), which are local functions 



of the external gravitational fields. 
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